Interstitial carbides are able to maintain structural stability even with a high concentration of carbon vacancies. This feature provides them with tunable properties through the design of carbon vacancies, and thus making it important to reveal how carbon vacancies affect their properties. In the present study, using first-principles, we have calculated the properties of a number of stable and metastable zirconium carbides ZrC 1Àx (x = 0 and 1/n, n = 2-8) which were predicted by the evolutionary algorithm USPEX. Effects of carbon vacancies on the structures, mechanical properties, and chemical bonding of these zirconium carbides were systematically investigated. The distribution of carbon vacancies has significant influence on mechanical properties, especially Pugh's ratio. Nonadjacent carbon vacancies enhance Pugh's ratio, while grouped carbon vacancies decrease Pugh's ratio. This is explained by the changes in strength of Zr-C and Zr-Zr bonding around differently distributed carbon vacancies. We further explored the mechanical properties of zirconium carbides with impurities (N and O) by inserting N and O atoms into the sites of carbon vacancies. The enhanced mechanical properties of zirconium carbides were found.
Introduction
Carbon atoms tend to locate at octahedral interstices in a closepacked transition metal lattice when the ratio of the atomic radius of carbon R C to that of metal R M satisfies the condition 0.41 o R C /R M o 0.59. 1 Corresponding to this rule, carbides formed by carbon and group 4, 5, and 6 transition metals (without chromium) are described as interstitial compounds. 2 These interstitial carbides are also referred to as nonstoichiometric compounds provided that not all octahedral interstices are occupied by carbon atoms; 3 the unoccupied octahedral interstices are called carbon vacancies. It should be noted that non-stoichiometric interstitial carbides can maintain structural stability even if they accommodate abundant carbon vacancies. [4] [5] [6] [7] Moreover, due to the existence of carbon vacancies, they generally display different properties as compared to their stoichiometric counterparts. 8, 9 These unique characteristics provide us the possibility of tailoring the properties of interstitial carbides through the design of carbon vacancies, and thus making it important to study the effects of carbon vacancies on the properties of interstitial carbides. 10 Herein, taking zirconium carbide (a representative interstitial compound) as an example, we investigated how carbon vacancies affect properties. Zirconium carbide is known as an outstanding hightemperature material. It has a broad range of technological applications because of its high hardness, extremely high melting point, good wear and corrosion resistance, and excellent high temperature thermal/mechanical properties. 9, 11, 12 In particular, it has great potential to be used as a nuclear fuel material due to its excellent resistance to fission product attack, low neutron cross-section, and considerable thermal conductivity.
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Zirconium carbide has a rock-salt crystal structure with carbon atoms occupying the octahedral interstices of the fcc lattice constructed by zirconium atoms. Generally, carbon vacancies are easily formed in zirconium carbide and result in changes in properties. 13, 14 Many research studies have been carried out to investigate the properties of non-stoichiometric zirconium carbides with various concentrations of carbon vacancies.
However, the current knowledge of explicit relationships between carbon vacancies and properties remains insufficient. The key to achieve this goal is to clarify crystal structures of nonstoichiometric zirconium carbides since crystal structures are helpful in the understanding of both carbon vacancies and properties. During the last three decades, theoretical methods have played an important role in determining crystal structures of non-stoichiometric zirconium carbides. [15] [16] [17] As listed in ). Therefore, a more careful calculation is desired for searching for stable non-stoichiometric zirconium carbides.
In the present study, like Yu et al., we also used the EA method for discovering stable non-stoichiometric zirconium carbides. This is because many stable carbides predicted by using the EA method have been experimentally confirmed (e.g., in systems Ca-C, 22 Re-C, 23 and Tc-C 24 ). We found that Zr 7 C 6 (R% 3), Zr 4 C 3 (C2/c), Zr 3 C 2 (Fddd), and Zr 2 C (Fd% 3m) are thermodynamically stable at 0 K and 0 GPa. Three metastable compounds (P% 1-Zr 8 C 7 , C2/m-Zr 6 C 5 , and P% 1-Zr 5 C 4 ), with formation enthalpies a little above the thermodynamic convex hull, have also been discovered. They can be considered as nearly ground state compounds and are helpful in understanding the properties of non-stoichiometric zirconium carbides. We compared the present predicted structures with those suggested by previous calculations, [15] [16] [17] and found that the present prediction is more accurate. Based on the predicted stable and metastable structures, we investigated the effects of carbon vacancies on the structures, mechanical properties, and chemical bonding of zirconium carbides. Taking into account that interstitial carbides are prone to oxygen and nitrogen contamination during practical application, 11 we further investigated the effects of oxygen and nitrogen impurities on the mechanical properties of non-stoichiometric zirconium carbides by replacing carbon vacancies with oxygen and nitrogen atoms. Our present study would be helpful in understanding the properties of interstitial carbides with carbon vacancies or oxygen (nitrogen) impurities.
We organize the rest of the paper as follows: computational methods are presented in Section 2, main results are presented and discussed in Section 3, and conclusions are given in Section 4.
Computational methodology
The state-of-the-art EA method for structure prediction, performing global search and implemented in the USPEX code, 20, 21 is used to predict stable non-stoichiometric zirconium carbides at 0 K and 0 GPa. The stability of a structure is determined using the thermodynamic convex hull construction. For every candidate structure generated by USPEX, total energy calculations and structure relaxations were carried out using density functional theory (DFT 25 ) within the Perdew-Burke-Ernzerhof generalized gradient approximation (GGA 26 ), as implemented in the VASP code. 27 In these calculations we used the all-electron projectoraugmented wave method, 28 a plane-wave kinetic energy cutoff of 560 eV, and uniform k-point meshes with a reciprocal-space resolution of 2p Â 0.06 Å
À1
. These settings enable excellent convergence of energy differences, stress tensors, and structural parameters. Denser k-point meshes with a resolution of 2p Â 0.03 Å À1 were used for detailed calculations of properties.
To check the dynamical stability of the predicted structures, a finite displacement method, as implemented in the PHONOPY code, 29, 30 was used to obtain phonon dispersion curves. A structure is dynamically stable when no imaginary phonon frequencies have been found throughout the Brillouin zone. The elastic constants, directly related to the mechanical stability of a structure, were also calculated by VASP. For a mechanically stable structure with a given symmetry, its elastic constants should satisfy the corresponding stability criteria. 31 The mechanical properties (bulk modulus B and shear modulus G) of a material were evaluated using the Hill averaging scheme. 32, 33 With B and G, the Vickers hardness H V of a material can be obtained according to the Chen-Niu empirical model:
where k (equals to G/B) is the Pugh's ratio, 35 and all moduli are in GPa. In most cases, the Chen-Niu model can evaluate very accurate Vickers hardness for a given material.
To relate mechanical properties with chemical bonding, we have computed the electronic density of states (DOS) and crystal orbital Hamiltonian populations (COHP) using VASP and LOB-STER programs, 36, 37 respectively.
3 Results and discussion
Crystal structure prediction and structural properties
To search for stable non-stoichiometric zirconium carbides, we have performed an accurate EA prediction using the USPEX code for the Zr-ZrC system at 0 K and 0 GPa. The ground states of Zr (P6 3 /mmc) and stoichiometric ZrC (Fm% 3m) were chosen to construct the thermodynamic convex hull. As shown in Fig. 1 , we have identified four stable non-stoichiometric compounds Zr 7 C 6 (R% 3), Zr 4 C 3 (C2/c), Zr 3 C 2 (Fddd), and Zr 2 C (Fd% 3m). In comparison to discovered Fddd-Zr 3 C 2 , and they found that Fddd-Zr 3 C 2 has lower energy than C2/m-Zr 3 C 2 . Here, we confirmed that FdddZr 3 C 2 is the ground state structure of Zr 3 C 2 . Yu et al. did not discover this structure using the EA method. That might be because they didn't perform sufficient configuration searching for Zr 3 C 2 . In the present EA prediction, we have also discovered three meta-stable non-stoichiometric zirconium carbides P% 1-Zr 8 C 7 , C2/m-Zr 6 C 5 , and P% 1-Zr 5 C 4 (as shown in Fig. 1 ). The three meta-stable zirconium carbides were found to have formation enthalpies a little above the thermodynamic convex hull and thus can be considered as near-ground-state compounds. Among the three predicted meta-stable structures, C2/m-Zr 6 C 5 has been reported before, 15 P% 1-Zr 8 C 7 and P% 1-Zr 5 C 4 were newly predicted and we have verified their dynamical and mechanical stability by computing phonon dispersion curves (see Fig. S1 & S2, ESI †) and elastic constants (see Table S1 , ESI †). As discussed in the following section, the three metastable structures were also helpful in understanding the properties of zirconium carbides. Detailed structural information for these stable and meta-stable zirconium carbides is listed in Table 2 .
Crystal structures of zirconium carbides are helpful in the understanding of carbon vacancies. In all the stable and meta-stable zirconium carbides, carbon atoms occupy octahedral interstices in the cubic close packing of zirconium atoms, and carbon atoms are six-coordinate. In stoichiometric zirconium carbide (Fm% 3m-ZrC), zirconium atoms are sixcoordinated, while in non-stoichiometric zirconium carbides their coordination numbers are changed due to carbon vacancies (see Table 2 ). Coordination numbers of zirconium atoms can be used as indicators of the distribution of carbon vacancies: if the coordination numbers of zirconium atoms are not less than five, carbon vacancies are nonadjacent; if the coordination numbers of zirconium atoms are smaller than five, carbon vacancies are grouped. Fig. 2(a)-(h) show the distribution of carbon vacancies in a series of zirconium carbides as visualized using the VESTA software. 38 There are no carbon vacancies in the case of stoichiometric Fm% 3m-ZrC. Carbon vacancies in non-stoichiometric P% 1-Zr 8 C 7 , R% 3-Zr 7 C 6 , and C2/m-Zr 6 C 5 are nonadjacent. It should be noted that Zr 6 C 5 is the composition with the maximum concentration of nonadjacent carbon vacancies when zirconium atoms are all five-coordinated. If the concentration of carbon vacancies continues to increase, the coordination numbers of zirconium atoms become smaller and smaller, and thus more and more carbon vacancies get grouped. As shown in Fig. 2 (e)-(h), P% 1-Zr 5 C 4 possesses paired adjacent carbon vacancies, and carbon vacancies are interconnected in C2/c-Zr 4 C 3 , Fddd-Zr 3 C 2 , and Fd% 3m-Zr 2 C. Like the concentration of carbon vacancies, the disturbution of carbon vacancies is also believed to have a great effect on the properties of interstitial carbides. 11 In the following sections, we will show how the concentration and distribution of carbon vacancies affect the mechanical and electronic properties of zirconium carbides.
Mechanical properties of zirconium carbides
The computed mechanical properties (bulk modulus B, shear modulus G, Pugh's ratio k, and Vickers hardness H V ) of all the stable and meta-stable zirconium carbides are listed in Table 3 .
Our calculated results for the stoichiometric ZrC (Fm% 3m) are in good agreement with the experimentally reported values, [39] [40] [41] supporting the accuracy and reliability for other nonstoichiometric compounds. As listed in Table 3 , carbon vacancies are harmful to B, G, and H V of zirconium carbides. However, we should note that non-stoichiometric zirconium carbides with low concentration of carbon vacancies still have high mechanical strength due to their high B, G, and H V , while an obvious drop in mechanical strength can be found in those with a high concentration of carbon vacancies (e.g., Fddd-Zr 3 C 2 and Fd% 3m-Zr 2 C). Pugh's ratio k is used as an indicator of mechanical brittleness; generally, a material is brittle if its k is larger than 0.57. 35 It is found that k varies with the Fig. 2 (a-h) Atomic arrangement in the predicted stable and metastable zirconium carbides. Green spheres denote Zr atoms; brown spheres, C atoms; squares, carbon vacancies. View Article Online concentration of carbon vacancies, suggesting that carbon vacancies can affect the brittleness of zirconium carbides. In particular, unlike other zirconium carbides, Fd% 3m-Zr 2 C is not a brittle material as indicated by its low k (less than 0.57). This might be because of its high concentration of carbon vacancies; or in other words, high concentration of carbon vacancies may lead to brittle-to-non-brittle transformation. In fact, this explanation is understandable and reasonable if we consider the non-brittle pure zirconium as a ''carbide'' in which the concentration of carbon vacancies is 100%. The relationships between the mechanical properties and the concentration of carbon vacancies are shown in Fig. 3 (denoted by solid squares and black curves). It seems that B and G vary linearly with the concentration of carbon vacancies, see Fig. 3(a) & (b) . But this is not the case. For B and G, the dependence of at least one of them on the concentration of carbon vacancies should be nonlinear. Otherwise, with the increase of the concentration of carbon vacancies, k (equals to G/B) must vary monotonically or should remain unchanged. The fact is that k first increases and then decreases with increasing concentration of carbon vacancies, see Fig. 3(c) . Therefore, we carefully analyzed the fitted curves for the concentration of carbon vacancies to B and G, and figured out the reason: (1) with the increase of the concentration of carbon vacancies, the B decreasing rate (dB/B) decreases, while the G decreasing rate (dG/G) increases; (2) at low concentration of carbon vacancies, dB/B is larger than dG/G; and (3) dB/B is equal to dG/G at a given concentration of carbon vacancies where the maximum k occurs. A detailed mathematical analysis on the B (G) decreasing rate can be found in the ESI. † The dependence of H V on the concentration of carbon vacancies is obviously nonlinear, see Fig. 3(d) . At low concentration of carbon vacancies, H V decreases very slowly, while at high concentration of carbon vacancies, H V decreases quickly. The trend for hardness can be explained by k (see eqn (1)).
We noticed that zirconium carbides with the concentration of carbon vacancies of around 1/6 may have the maximum k, see Fig. 3(c) . Surprisingly, this concentration of carbon vacancies indicates the forthcoming of grouped carbon vacancies. The coincidence hinted us to relate k to the distribution of carbon vacancies. We suppose that nonadjacent carbon vacancies enhance k, while grouped carbon vacancies decrease k. In view of the relationship between k and H V , we can also suppose that nonadjacent carbon vacancies have a smaller contribution to the decrease of hardness than adjacent carbon vacancies. To check these hypotheses, we constructed two zirconium carbides with grouped carbon vacancies P2/c-Zr 8 C 7 and Fddd-Zr 6 C 5 (denoted by the open squares in Fig. 3 ) based on C2/c-Zr 4 C 3 and Fddd-Zr 3 C 2 , respectively. In contrast to P% 1-Zr 8 C 7 with nonadjacent carbon vacancies, P2/c-Zr 8 C 7 has lower k and H V . Similarly, k and H V of Fddd-Zr 6 C 5 are lower than those of C2/m-Zr 6 C 5 with nonadjacent vacancies. This confirms our hypothesis that the distribution of carbon vacancies has a great effect on the k of zirconium carbides. And this hypothesis is supported by the following chemical bonding analysis of zirconium carbides.
Chemical bonding of zirconium carbides
Mechanical properties are often directly related to chemical bonding. To identify chemical boding in zirconium carbides, we have computed the electronic density of states (DOS) and the atom-resolved partial densities of states (PDOS) for all the stable and meta-stable zirconium carbides. As shown in Fig. 4 , all these zirconium carbides have finite electronic DOS at the Fermi level which is mainly contributed by zirconium's d electrons. This feature indicates the existence of metallic Zr-Zr bonding in zirconium carbides. Below the Fermi level, strong hybridization of the d-orbital of Zr and the p-orbital of C atoms is observed, implying the strong covalency of Zr-C bonding. In the present study, we didn't mention the ionic character of Zr-C bonding due to its negligible effect on mechanical properties.
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The density and strength of chemical bonding are two important factors helpful in understanding the mechanical properties of zirconium carbides. In zirconium carbides, densities of Zr-Zr bonding are almost the same due to the negligible effect of carbon vacancies on volume (within 0.5%). By contrast, the density of Zr-C bonding decreases with the increase of the concentration of carbon vacancies. The bonding strength of Zr-Zr and Zr-C bonds in zirconium carbides was also investigated. In general, the integrated crystal orbital Hamiltonian population (ICOHP) value of a chemical bond is an indicator of its bonding strength. 37 By computing the crystal orbital
Hamiltonian population (COHP), we have obtained the -ICOHP Fig. 3 Effects of carbon vacancies and impurities on the mechanical properties (bulk modulus, shear modulus, Pugh's ratio, and Vickers hardness) of the predicted stable and metastable zirconium carbides. Solid squares denote the predicted structures; open squares, constructed Zr 8 C 7 and Zr 6 C 5 structures with grouped carbon vacancies; black curves, the fitted curves for the concentration of carbon vacancies to mechanical properties; blue curves, the fitted curves for the concentration of nitrogen to mechanical properties; red curves, the fitted curves for the concentration of oxygen to mechanical properties.
values for Zr-Zr and Zr-C bonds in all the stable and meta-stable zirconium carbides. As listed in Table 4 , the averaged -ICOHP values of Zr-C bonding decrease with the increase of the concentration of carbon vacancies, indicating the weakening of Zr-C bonding. In contrast, Zr-Zr bonding strengthens with the increase of the concentration of carbon vacancies due to the increase of the averaged -ICOHP values of Zr-Zr bonding. Even so, in zirconium carbides, covalent Zr-C bonding is obvious to be much stronger than metallic Zr-Zr bonding as indicated by their averaged -ICOHP values. This makes us believe that strong covalent Zr-C bonding plays a dominant role in determining mechanical properties such as B and G of zirconium carbides. Thus, the loss in B and G of zirconium carbides can be ascribed to two main factors: (1) densities of Zr-C bonding are decreased; and (2) Zr-C bonding are weakened. The strengthened metallic bonding has long been believed to decrease G. 42 Thus, enhanced
Zr-Zr bonding with the increase of the concentration of carbon vacancies is also possible to lead to the decrease of G. Unlike B and G, k firstly increases and then decreases with the increase of the concentration of carbon vacancies. As discussed in Section 3.2, we suggested that the trend for k is related to the distribution of carbon vacancies. Here, we further tried to explain this view using chemical bonding analysis. It has been reported that chemical bonding strength has impact on k. 43, 44 The stronger the covalent bonding (or the weaker the metallic bonding), the higher the k. We investigated the effects of the distribution of carbon vacancies on the strength of 
Mechanical properties of zirconium carbides with impurities
In practical applications, carbon vacancy sites are easily occupied by some other elements, and thus the properties of zirconium carbides could be altered. 46, 47 Herein, taking into account that interstitial carbides are prone to oxygen and nitrogen contamination, 11 we investigated the effects of oxygen (nitrogen) impurities on the mechanical properties of zirconium carbides. In principle, we need to perform a global search for these ternary systems, which would require calculations for many compositions and, for each composition, many configurations. However, this is very time-consuming and our purpose is not to study all possible compositions and their lowest-energy configurations. We aim at providing some information by studying some possible compositions and configurations. Fig. 4 The calculated density of states (DOS) for all the predicted stable and metastable zirconium carbides. 
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Based on the predicted stable and metastable nonstoichiometric zirconium carbides Zr 8 C 7 (P% 1), Zr 7 C 6 (R% 3), Zr 6 C 5 (C2/m), Zr 5 C 4 (P% 1), Zr 4 C 3 (C2/c), Zr 3 C 2 (Fddd), and Zr 2 C (Fd% 3m), we constructed seven ZrC 1Àx T x (x = 1/n, n = 2-8) structures for each element T (T = N and O) and calculated their mechanical properties. These structures are reasonable in terms of their negative formation enthalpies (see Table 5 ). The relationships between the mechanical properties of ZrC 1Àx T x compounds and the T content are shown in Fig. 3 (N and O doping is denoted by blue and red curves, respectively). We found that N and O impurities can enhance the bulk modulus, shear modulus, and hardness of zirconium carbides.
Conclusions
In summary, evolutionary structure prediction using the USPEX code has been used to predict stable non-stoichiometric zirconium carbides. We have identified four stable non-stoichiometric compounds Zr 7 C 6 (R% 3), Zr 4 C 3 (C2/c), Zr 3 C 2 (Fddd), and Zr 2 C (Fd% 3m).
Three meta-stable non-stoichiometric zirconium carbides P% 1-Zr 8 C 7 , C2/m-Zr 6 C 5 , and P% 1-Zr 5 C 4 , with formation enthalpies a little above the thermodynamic convex hull, were also been found. In contrast to the stoichiometric zirconium carbide ZrC (Fm% 3m), all the predicted stable and metastable zirconium carbides have ordered carbon vacancies. We have investigated effects of carbon vacancies on the structural, mechanical, and electronic properties of zirconium carbides. When the concentration of carbon vacancies is not higher than 1/6, nonstoichiometric zirconium carbides prefer to adopt structures with nonadjacent vacancies. When the concentration of carbon vacancies is higher than 1/6, carbon vacancies are grouped in zirconium carbides. Such an evolution of the distribution of carbon vacancies can affect the mechanical properties of zirconium carbides, especially Pugh's ratio -an indicator of brittleness. We conclude that nonadjacent carbon vacancies enhance Pugh's ratio, while grouped carbon vacancies decrease Pugh's ratio. This conclusion is supported by chemical bonding analysis and explains why Fd% 3m-Zr 2 C is non-brittle. We further investigated the effects of impurities (N and O) on the mechanical properties of zirconium carbides by inserting N and O atoms into the carbon vacancy sites. The enhanced mechanical properties of zirconium carbides were found. 
